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The article discusses an alternative investment model with given probabilities of
investment success and with a random distribution function of the benefits from them. A number
of problems are formulated that most often arise when using this mathematical model.
Submitted and solved the problem of finding the threshold for a given contract. As a result, it
is shown that it is necessary to establish the value of the investment slightly higher than the
threshold from which the entrepreneur evades the contract. It is shown that in exceptional
cases, if an entrepreneur is indifferent between evasion and work, he decides to work. The task
of finding the maximum amount of debt for a given investment threshold is investigated. It is
assumed that the investor knows that if the volume is less than the investment threshold, then
the entrepreneur works, and if the amount of debt is greater than the investment volume, then
the entrepreneur evades, because the expected return on investment must be positive, and the
investor must be insured to agree to the contract. The expected utility of an entrepreneur for a
given investment threshold has been determined. The conditions were found under which the
contract is optimal for an entrepreneur (subject to the break-even of investors). It is shown that
in order to stimulate an entrepreneur to work, the “threshold remuneration’ should be quite
high (somewhere in the upper half of the expected profitability of the entrepreneur). The
situation in which the private benefit is observable and verifiable is investigated. Solved the
problem of determining the optimal contract between the entrepreneur and investors
(compensation can be made depending on the level of private benefits). The proposed
conditions for the adjustment of the contract with increasing benefits. It is shown that the
optimal contract for an entrepreneur implies zero return for the investor. An analytical solution
of these problems is given taking into account the stated requirements and limitations.

Keywords: alternative investment model, entrepreneur's expected utility, investment.

About problem

In the work on corporate finance, various mathematical models are proposed
and analyzed [1-6]. In this paper we consider the variable-investment model
proposed in [7].

Description of the mathematical model

An entrepreneur initially has cash A. For investment I, the project yields RI
in the case of success and 0 in the case of failure. The probability of success is
equal to py€(0, 1) if the entrepreneur works and p._ = 0 if the entrepreneur shirks.
The entrepreneur obtains private benefit Bl when shirking and 0 when working.
The per-unit private benefit B is unknown to all ex ante and is drawn from
(common knowledge) uniform distribution F:
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P{(B < B) =F(B) = BIR

for B <R, with density f (B) = 1/R. The entrepreneur borrows I — A and pays back
R1 =1l in the case of success. The timing is the following: the contract (I, ry) is
signed; the entrepreneur learns about B privately and afterwards he chooses effort.
In the end, income is realized and payments are made.

Task 1. For a given contract (1, ry), find the threshold B, i.e., the value of
the private per-unit benefit above which the entrepreneur shirks.

Solution. Entrepreneur's expected utility in case he works for a given B:

EW[U] = pHRl + (1 — pH) ‘0— pHr1I — (1 — pH) 0= le(R — rl).
Entrepreneur's expected utility in case he shirks for a given B:
EJU]=0+BI-0=B8BI.

At this point:

Es[U] — expected utility of the entrepreneur if she shirks (i.e. doesn’t
work),

Ew[U] — expected utility of the entrepreneur if she works.

So, after seeing B, the entrepreneur will decide to shirk if:

E[U] = Eu[U]
— Bl > pH|(R — rl)
— B = pH(R — rl).
Note: hereafter we will assume that if B = B”, so if the entrepreneur is
indifferent between shirking and working, he decides to work.
Task 2. For a given B” (or equivalently ry, which determines B”), find the
debt capacity. Find value of B” (or ry) that is debt capacity highest.
Solution. The investor knows that if B<B", then the entrepreneur works,
and if B > B", then the entrepreneur shirks, so, his expected profit from the

investment is as follows, and it should be nonnegative for the investor to agree to
a contract:

E[Prinv] = Pr(B < B")Ew[Prinv] + Pr(B > B")Es[Prin] — (I - A)=
=(B*/R)puril +(1 — B/R)-0 — (I — A) =(B"/R)pnril — I + A>0.
At this point E[Pri,] — expected utility of the investor.
Solving this inequality we get the following maximum debt capacity:
(I — A)max =APHB r1/(R— puB*r1)=Ap?u(R —r)ri/(R — p?u(R —ry) ry).

() Note: we assumed that R — B*pur: = R — p2u(R —ro)r; > 0 as otherwise
the debt capacity would be infinitely large.
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Now we maximise (I — A)max With respect to r; to get the value for which the
debt capacity is the highest:

a(I-A)max /6F1=(Ap2H(R —2r1)(R — sz(R —rl) I'1)+

+P?H(R =2r1)(Ap*u(R —r)r)/(R — p?h(R —ro)ri)*=

= AszR(R —2r1)/(R - pZH(R —rl)r1)2=0

—>|’1* =R/2.

Note that the numerator of O(I-A)max/Or1 IS decreasing in r; and the
denominator is increasing, hence, the whole function is decreasing in ri, which
means that we, indeed, found maximum.

Task 3. Determine the entrepreneur’s expected utility for a given B”. Find
the conditions under which the contract is optimal for the entrepreneur (subject
to the investors breaking even).

Solution. We find entrepreneur's expected utility analogously to that of the
investor:

E[U] = P(B < B)Ew[U] + P(B > B)Es[U]=

=(B*/R)px(R—r1)1+(1-B*/R)E[B|>B"]I=

=(B*/R)pu(R—r1)I+((R-B*)/R)-(R-B*)/2)I=
(substituting B*=py(R—r1))

=(B")?I/R+(B-B")?1/(2R)=1/(2R)(3(B")? — 2B"R + R?).

And the constraint is the investors breaking even which is his expected value
IS nonnegative (calculated in Task 2):

E[Prin]=(B*/R)pur:—1)1+A= (B*(puR—B*)/R-1)I+A>0
— I < AR/(R- B*(pyR-B%*)).
Now we need to show that
OSpHR <B"< pHR
First, the right-hand side inequality. It simply follows from the fact that r,>0:
B'= pH(R — r1)< pHR

Second, the left-hand side inequality. We can see that B"= 0.5pyR«>r* =
R/2, which is the value when the debt capacity is the highest. But giving the
largest possible debt is not optimal, it is analogous to maximizing revenue instead
of profit, so the optimal value lies above this one.

The inequality shows that in order to incentivize the entrepreneur to work
the "threshold benefit" should be set quite high (to somewhere in the upper half
of the expected yield of the entrepreneur).
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Task 4. Suppose now that the private benefit B is observable and verifiable.
Determine the optimal contract between the entrepreneur and the investors (the
reimbursement can now be made contingent on the level of private benefits):

Ri =ri(B)I).

Solution. Now, we can treat B as just a variable and we need to find a
contract (1(B); r1(B)) that is optimal for the entrepreneur.
If she works, her expected utility is:

Ew[U] = pu(R — ri(B))1(B).
If she shirks, her expected utility is:
Es[U] = BI(B).
Hence, for her to work the following condition should be satisfied:
pH(R—ri(B)) =B
= r(B) <R -B/py. (*)
Then, the payoff of the investor if the entrepreneur works is:
Ew[Prin] = r1(B)I(B) — I(B) + A.
And her payoff if the entrepreneur shirks is:
Ew[Prin] =—1(B) + A<O.

Hence, the investor would never agree to a contract where the entrepreneur
shirks, so (*) has to be satisfied.

Also, since r1(B)I(B) goes from entrepreneur to investor, then if the investor
gets strictly positive payoff, they can rewrite contract decreasing ri(B) thus
increasing the utility of the entrepreneur till investor's payoff is non-negative. So,
the optimal contract for the entrepreneur implies zero payoff for the investor, i.e.:

r:(B)I(B) —1(B)+A=0
= 1(B)=A/(1-r1(B)). (**)

Now we maximize expected utility of the entrepreneur if she works taking
into account (**) and the constraint (*):

maXr1e)[EW[U]]= maxne)[ pu(R — ri(B))I(B)] =
= maxre)[ PrAR —11(B))/( 1 —r1(B))] =
= maxXne)[ PHA(LI+(R - 1)/(1 - ri(B)))] -
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Since R is gross return on investment, we can assume that R > 1, therefore,
Ew[U] is a monotonously increasing function of ry(B), so we choose the largest
r1(B) that our constraint (*) allows, hence

r;(B) = R — B/pg.
And the optimal investment size:
I"(B) =A/(1 - r1’(B)) = pnA/( pu(1 - R)+B) .
So, the optimal contract is as follows:
(I'(B), r"(B)) =( pwA/( pu(1 — R)+B), R —B/pw ).
Task 5. Investors have utility over consumption relative to a reference point X:
U= ((Cy— X = D/(1 — ).
Consumption growth is i.i.d Normal:
Ot+1 = §+Ver, Var(Ve1) = 6,2
Define surplus consumption S; :
Si= (Ci— Xy)/ C..
Log surplus consumption is driven by consumption news:
St+1 =S+d(s — §) + A(S)Vis1,
where the sensitivity function is specified:
Ms)=(1 — 2(s—8))*°/ 8§ - 1,

when ¢ < Smax and 0 otherwise;
The specification of § =logS:

S=ov (v/(1 - ¢ —b/y)°%,

where b is the preference parameter.

Show that the one-period real risk-free rates are now time-varying, and are
linear in the consumption surplus s..

Consider the case of b > 0. How do the interest rates vary with the
consumption surplus ratio? Are they low or high in "good times"?

Compare the implications relative to part b.

In long-run risks model, do real rates fall or rise in "good" times.

Can you use this model predictions to test the two asset-pricing theories?

Solution.

First, we calculate the SDF:

Mt+1:But+1(Ct+l)/ Ut(Ct)= B((Ct+1 - Xt+1)/ (Ct— Xt))'Y:
= B(Ste1 / (St)"(Cra / (Cr) 7=
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—Be Y+ - g rerl= Ber((t- (- Dhsy virl) gorettl=

:Beﬂ'((st -9)(¢-Daretg—y Ms+hvtrl).

Note that since vi.1 ~ N(0, 6,%), then
=y (Ms)+L)vens) ~ N(O, Y(Ms)+1)’0.?).
Now we can find the risk-free rate via the Euler equation:
rt1=10g(L/E[Me])= —logB+y((st — $)(¢—1)+yge — logE[e 0 verD]=
= —logB+y((st — §)(¢—1)tyg: — 0.5v*(M(s)+1)*0%)=
= —logBHy((st — 8)(¢—1Hygt — 0.5v*0*(1 — 2(sc - 8))(1 — ¢ — by)/(cv*y)=
= —logB+ yg: + y(0-1)/2+b/2 — b(s; — ).

Indeed, we see that the risk-free rate now depends on s; making it time-varying,
and the relationship is linear.

If b > 0, then the formula above shows that the risk-free rate and s; are
adversely related. Hence, in "good times", i.e. when the consumption surplus ratio
is high, interest rates are low.

Let b < 0. Here, interest rates are increasing in s; and are therefore pro-
cyclical. This means that they are high when consumption surplus is high, and
low when consumption surplus is low. In this, the precautionary savings effect
dominates, as interest rates rise in good times to prevent excess consumption and
fall in poor times to prevent excess savings.

Results

We see that the models give opposite relationships between the risk-free rate
and the overall economic situation. Hence, to test both models we can look at this
relationship in the data and then pick the model which has the same relationship
as in the data. One way to find the relationship in the data is to define the "bad
times" as the periods of stagnation and the "good times" as all other periods (or,
perhaps, all other periods except for the ones which are the closest to the periods
of stagnation). Then we just compare the risk-free rates in both good and bad
times and see which ones are larger.
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AN. I'enspyn, O.B. JIoruHoBCKMit
INOCTAHOBKA U PELIEHUE HEKOTOPBIX 3AJIAY TEOPUU
WHBECTHUIIMHA ITPU CJIYYAMHBIX YACTHBIX BBITOJAX
FOoicno-Ypansvckuii 2ocyoapcmeennuiil yHugepcumenmn,
Yensaounck, Poccus

B cmamve paccmampusaemcs anbmepHamueHas UHBECMUYUOHHASL MOOeNb €
3A0AHHBIMU BEPOSIMHOCMAMU YCREXd UHBECMUYULL U CO CLYYAUHOU (YHKYUEU PACnpedeneHus.
8b1200b1 om Hux. Dopmynupyemcs pao 3a0ay, Hauboiee UYACMO BOZHUKAIOWUX NpU
UCnoIbL308aHUU OAHHOU Mamemamuieckol modenu. [Ipednoscena 3adaua noucka nopoaa 0s
3a0annozo kowmpaxkma. Kak cireocmeue, nokasamo, 4mo He0OXOOUMO YCMAHOBUMb
CMOUMOCMb UHBECMUYUU YYMb GblUde, YeM NOPO2, HAYUHASL C KOMOPO2O NPeONPUHUMAMENb
VKaousiemcs om Kowmpaxkma. Ilokazano, umo 8 UCKIIOUUMENbHbIX CAyYasx —eciu
npeonpunumamens 06e3paziuyer medxicoy VKIOHeHueMm u pabomotil, oH peuwiaem pabomamsv.
Hccneoosana 3adaua noucka MakCuMaibHO20 00bemMa 3a00HCEeHHOCMU Ol 3A0AHHO20
nopoea ungecmuyutl. Ilpeononaecaemcs, umo uHeecmop 3Haem, 4mo eciu 00veM MeHbule
nopoza uHeecmuyutl, Mo npeonpuHuMamens pabomaem, a eciu 00vbem 3A00IHCeHHOCMel
bonvue obvema uHeecmuyull, Mo NPeONpUHUMAmMeNsb YKIOHAEMCs, NOCKONIbKY 0XCUoaemas
npudwLIL OM UHBECMUYULL OO0JIHCHA OblMb NONOACUMENbHOU, U UHBECTNOP OO0AMNCEH Oblmb
noocmpaxoean, umoobwsl coznacumscsa Ha Koumpakm. Onpedenena oxcuoaemas noie3HoCmy
npeonpuHumamenss Oasi OAHHO20 nopoza uueecmuyuil. Hatioenvl ycnoeus, npu KoOmopwix
002060p ABNAEMCSA ONMUMANLHbIM O/l NpeOnpunuMamens (npu yciosuu 06e3y0uimoyHocmu
ungecmopos). Iloxkazano, umo O0Oas CMUMYIUPOBAHUSI NPeOnpuHuMamens K pabome
«NOP02080E BO3HAZPANCOEHUE» OOJIHCHO ObIMb 00CMAMOYHO BbICOKUM (20e-MO 8 GepXHell
NoJ08UHE 0JHCUOaeMOll 00X00OHOCmU npeonpunumamens). Mccredosana cumyayus, 8 KOMmopou
yacmuas 6vico0a noooaemcs HaoOMoOeHUuro u npoegepke. Pewena 3adaua onpedenenus
ONMUMATLHO20 002080PA MEAHCOY NPeONPUHUMAMeNeM U UHBECTOPAMU (803MeLeHIe MOdCem
Oblmb  coenano 8 3a8UCUMOCTU OM YPOGHA HACMHBIX 6bl200). Ilpednosicensvt ycnosus
KOPPEeKMUpOBKU KOHMPAKMA Npu yeeaudeHuu 6vieoovl. lloxazano, umo, OnmumanibHuli
KOHMpakm O NpeOnpuHumamens noopasymesaem Hynesylo omoauy OJid UHEecmopd.
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Ilpusooumcs ananumuyeckoe peuwieHue dSMux 3a0ay ¢ Y4emom 3ds6/1eHHbIX mpebosanull u
02paHuyeHul.

KaroueBble cjioBa: AJIbTCPHATUBHAA HHBCCTUIIMOHHAA MOACIIb, OKUJacMas IOJIE3HOCTh

npeanpuHuMaTesd, MHBCCTUIINU.
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